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Abstract
We predict an anomalous 0-π transition in Josephson junctions with a ferromagnetic-insulator (FI) barrier. Previously it
was found that the ground state of such junctions alternates between 0 and π states when the thickness of FI is increasing
by a single atomic layer. By solving the Bogoliubov de-Gennes equation and using the Furusaki-Tsukada formula, we
show that similar 0-π transition can be also induced by increasing temperature T . Therefore the existence of π state can
be experimentally conﬁrmed by simply observing the nonmonotonic T dependence of the Josephson critical current.
c© 2011 Published by Elsevier Ltd.
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1. Introduction
A superconducting phase diﬀerence of π can be arranged between two superconductors (Ss) when sepa-
rating them by a suitably chosen ferromagnetic metals (FMs) [1, 2]. As a result, in the π-state, the Josephson
current phase relation in such S/FM/S junctions is given by IJ = IC sin φ, where IC < 0 is the Josephson crit-
ical current and φ is the phase diﬀerence between two Ss. Transition between the π state (negative IC) and
the 0 state (positive IC) has been revealed in experiments through oscillations of IC with varying thickness
of the FM [3] or with varying temperature T [4]. Currently the π junction is of considerable interest as an
element complementary to the usual Josephson junction in the development of functional nano-structures
including superconducting classical and quantum electronics [5, 6, 7, 8, 9, 10, 11].
Recently, Josephson transport through ferromagnetic insulators (FIs) has been investigated theoreti-
cally [12, 13, 14] and experimentally [15]. In order to study the transport properties of such systems
by taking into account the band structure of FIs explicitly, an eﬃcient numerical method to calculate the
Josephson current based on the Bogoliubov de-Gennes (BdG) equation has been developed by one of the
authors [12]. By use of this method, we have predicted the formation of the π-state in such systems. More-
over we have found that an atomic scale 0-π transition is induced by increasing the thickness of the FI layer
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one by one [13, 14]. Up to now, however, only the Josephson current at the zero temperature limit has been
explored. In this paper we will investigate the f inite-temperature Josephson transport and show that the 0-π
phase transition can be also realized by increasing the temperature. Therefore the existence of π state can
be conﬁrmed experimentally by simply measuring the temperature dependence of IC .
2. Model
In this section, we show the numerical method to calculate the Josephson current. Let us consider an
S/FI/S junction in a one-dimensional tight-binding model as shown in Fig. 1. The thickness of a FI layer is
deﬁned by LF and j points to a lattice site. The electronic states in an s-wave superconductor are described
by the mean-ﬁeld BCS Hamiltonian,
H = −t
∑
j,σ
(Ψ†j+1,σΨ j,σ + Ψ
†
j,σΨ j+1,σ) +
∑
j,σ
(2t − μ)Ψ†j,σΨ j,σ +
∑
j
(ΔΨ†j↑Ψ
†
j↓ + Δ
∗Ψ j↓Ψ j↑). (1)
Here Ψ†j,σ(Ψ j,σ) is the creation (annihilation) operator of an electron at j with spin σ = (↑ or ↓) and μ is the
Fermi energy. The hopping energy t is considered between nearest neighbor sites and Δ is the amplitude of
s-wave pair potential. The Hamiltonian can be expressed by a 4×4 matrix form as
H =
∑
j j′
[Ψ†j↑Ψ
†
j↓Ψ j↑Ψ j↓]
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
h0( j, j′) 0 0 Δ( j, j′)
0 h0( j, j′) −Δ( j, j′) 0
0 −Δ( j, j′) −h0( j, j′) 0
Δ( j, j′) 0 0 −h0( j, j′)
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
Ψ j′↑
Ψ j′↓
Ψ
†
j′↑
Ψ
†
j′↓
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (2)
where h0( j, j′) = −t(δ j, j′+1+δ j, j′−1)+(2t−μ)δ j j′and Δ( j, j′) = Δeiϕδ j j′ . The Hamiltonian can be diagonalized
by the Bogoliubov transformation. In what follows, we focus on the subspace for spin-↑ electron and spin-↓
hole. In superconductors, the wave function is given by
ΨL( j) = ΦˆL
[(
u
v
)
αeik j +
(
v
u
)
βe−ik
∗ j +
(
u
v
)
Ae−ik j +
(
v
u
)
Beik
∗ j
]
, (3)
ΨR( j) = ΦˆR
[(
u
v
)
Ceik j +
(
v
u
)
De−ik
∗ j
]
. (4)
Here ν =L (R) indicates a superconductor in the left-(right-)hand side, Φν is the phase factor of a super-
conductor, Φν=diag(ei
ϕν
2 , e−i
ϕν
2 ), u(v) = [(1 + (−)√E2 − Δ2/E)/2]1/2, where the energy E is measured from
μ. The complex wave number k for a quasiparticle is given k = π/2 + i cosh−1
√
1 + (Δ2 − E2)/4t2.
On the other hands, the Hamiltonian for a FI barrier can be described by,
H =
∑
j j′
[Ψ†j↑Ψ
†
j↓Ψ j↑Ψ j↓]
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
h′( j, j′) − V 0 0 0
0 h′( j, j′) + V 0 0
0 0 −h′( j, j′) + V 0
0 0 0 −h′( j, j′) − V
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
Ψ j′↑
Ψ j′↓
Ψ
†
j′↑
Ψ
†
j′↓
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(5)
Fig. 1. The Josephson junction with a ferromagnetic-insulator (FI) barrier on the one-dimensional tight-binding lattice.
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Fig. 2. The temperature T dependence of Josephson critical current IC for the junction with (a) odd LF (LF = 3) and (b) even LF
(LF = 4). g is the band gap of FI. TC is the superconducting transition temperature. We set Δ = 0.01t.
in the matrix form [13]. Here h′( j, j′) = −t(δ j, j′+1 + δ j, j′−1),V = 2t + g is the exchange splitting of FI with g
being the gap between spin up & down bands. The wave function of a bound state in FI is given by
ΨFI( j) =
(
fR
0
)
(−1) je−β j +
(
fL
0
)
(−1) jeβ j +
(
0
gR
)
eβ j +
(
0
gL
)
e−β j, (6)
where β = cosh−1 (1 + E/2t + g/4t) is the imaginary part of the quasiparticle wave-number.
By applying boundary conditions, ΨL(0) = ΨFI(0),ΨL(1) = ΨFI(1),ΨR(LF) = ΨFI(LF) and ΨR(LF +
1) = ΨFI(LF + 1), we can obtain the Andreev reﬂection coeﬃcients rhe and reh analytically. The Josephson
current can be calculated from the Furusaki-Tsukada formula [16, 17],
IJ =
e

kBT
∑
Ωn
Δ
Ωn
[
rhe − reh
]
, (7)
where T is the temperature and Ωn =
√
ω2n + Δ
2 with ωn = (2n + 1)πkBT being the Matsubara frequency.
As long as we consider the case with g > Δ, the Josephson current phase relation is given by IJ = IC sin φ.
Thus we can compute IC from the relation IC = IJ(φ = π/2).
3. Results
In this section, we show the numerical results for the Josephson current IJ in the ﬁnite temperature
regime. Fig. 2 shows the temperature T dependence of the Josephson critical current IC for the cases that
LF is (a) odd (LF = 3) and (b) even (LF = 4). In the zero-temperature (T  TC) limit, it is clear from
Fig. 2 that IC is negative (positive) for odd (even) L. This observation is consistent with previous theoretical
results, i. e., the atomic scale 0-π transition [13].
Importantly we have found the π-0 (0-π) transition by increasing the temperature T for the junction
with odd (even) LF . This thermally induced 0-π transition becomes more prominent in the small-barrier
case (g  t). Therefore we can experimentally conﬁrm the existence of the π state in S/FI/S junctions by
simply observing the nonmonotonic T dependence of |IC |. The physical mechanism behind this anomalous
phenomena will be given elsewhere.
On the other hand, in the high-barrier limit (g 	 t), we found that IC shows simple Ambegaokar-Baratoﬀ
type monotonic behavior and does not change its sign. This result indicates that the π (0) state is quite stable
against the temperature variation. In an actual FI material, e.g., La2BaCuO5 [18, 19], g/t ≈ 11 	 1 [13].
Thus we can expect a robust π state formation in junctions with these FI barriers. Such a robust property is
very important for future electronic device applications.
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4. Conclusion
To summarize, we have theoretically investigated the ﬁnite Temperature Josephson transport in a S/FI/S
junction by solving the B-dG equation. The 0-π transition is induced by increasing the temperature T in the
low barrier cases (g < t). This indicates that the existence of the π state can be experimentally conﬁrmed
by simply measuring the nonmonotonic T dependence of IC . In the high-barrier limit (g 	 t), on the other
hand, we found that the atomic-scale 0-π transition is robust against the T variation. Therefore, such FI-
based Josephson junctions will be a promising candidate for a coherent and robust superconducting quantum
bit as well as a classical superconducting digital circuit.
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